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Purpose of this work

Goals
o Computing efficient representations for handling non-stationary
multicomponent signals
@ Dealing with impulsive-like and/or strongly amplitude- and
frequency-modulated signals
@ Reversible representation allowing an extraction of the elementary
deterministic signal components

@ Link with the wavelet theory extending our previous work on the
time-reassigned synchrosqueezed STFT [Fourer,Auger,2019]

= Proposed approach: Time-frequency analysis combined with
reassignment-based post-processing methods to improve the readability
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Context: the French ANR ASCETE project (ANR-19-CE48-0001):
2019-2023

ASCETE: Analysis and Separation of Complex Signal: Exploiting the
Time-Frequency Structure

Project holder: Dr. Sylvain Meignen (LJK, Grenoble, France)

Goals:
@ Extends to previous methods (developed in ASTRES project)
o Combines deterministic signal processing methods with stochastic models

o New applications to audio, biomedicine, astrophysics, etc.

https://www-1jk.imag.fr/ASCETE/ 3/20
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The S-transform [Stockwell et al., 1996]

Generalization of the Short-Time Fourier Transform (STFT) using a
frequency-dependent analysis window.

Definition

The S-transform of a zero-mean signal x is defined for a central frequency
wo > 0 at any time t and radial frequency w as:

sTi(ew) = [ (Le-n) e ar

with j2 = —1 and z* the complex conjugate of z.

h is chosen as a Gaussian window with time-spread parameter T:

t2
h(e) = g(t, T) = oy e 37,
which leads us to:

+oo * .
STé(t,w) = M x(T)g<M(t -7), T> e “Tdr

— o0
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Link with the Continuous Wavelet Transform (CWT)

The CWT of a signal x at each time t and scale s for an admissible mother wavelet W
(i.e. satisfying Cy = [p |Fu( (w)|?2 4 T < oo, with Fe(w) = f+°° (t) e Jwtdt) is:

Wi(t,s) = T/f Y (tt) dr 4)

If we define s = =@ . (4) can be expressed as as:

CWi(t,w) = \/Ij / X(T)w( (T—r)) dr. (5)

/

The Morlet mother wavelet W(t) = ezT2 e/wot |eads to:

|w] +oo _wz(t—-r): ot
MW, (t,w) = " Tf/ Je 2woT)?? e jw(T—t) g7 (6)
0

2/mwo T
o]

The S-transform can be viewed as a specific (rescaled) continuous wavelet transform

YESTE (1, w) (7)

||

— L et MW, (¢ 8
2ﬁone x(t,) ®)

STE(t,w) =
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S-transform marginalization and inversion formula 1/2

Using the frequency domain expression of the S transform

STX(t,w):/_+ FX(Q+w)Fh< )e’m =

Marginalization with respect to frequency

+oo
/s ‘W“ // Felw + Q)R (£2Q) efterr &2 4o )
e o |w]
} Q' ¢
— [ Fu@) et Ry (€ — wo) (12 J
//RZ @ n (& = wo) ( &2 |wo| ¢
(10)
e Ty Q' +oco
= / Fu(Q) et et / Fr(€ — wo) 3 (11)
o 2 Joo €]
=x(t) - Cp(woT) (12)
x can be recovered from STy using the synthesis formula
1 +o0 . dw
x(t) = —/—— STx(t,w)evt — 13
® Ch(woT) Loo (t,w) ] (13)
X — W 2
with Cp(woT) = [F5° e L3
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S-transform marginalization and inversion formula 2/2

Marginalization with respect to time

+oo *
STg(t,w)dt:// Fulw + )R (220) G2t 92 1
(e} R2

: @ 2m
_ / Fulw+Q)F (£20) " 6(2) d2 (15)
= Fu(w)Fa(0)" (16)

Eq.(16) is equal to Fx(w) when a Gaussian window is used (i.e. F,(0) =1).

Hence, x can finally be reconstructed by applying the inverse Fourier transform
which leads us to:

x(t) = % /RZ STE(r,w) e drdw (17)
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Time-Frequency Representations comparison

Comparison of the TFRs provided by S-transform, the STFT, and the Morlet
CWT, applied to the Livingston GW150914 signal [Fourer et al., 2017].

,,,,,,,,,,,,,,,,,,

(a) Stockwellogram (b) Spectrogram (c) Scalogram

9/20



Introduction
Ti R igned Syncl d S-transform and synchr
Numerical Results Second-order time-reassigned synchrosqueezed S-transform
Conclusion

Reassignment method [Kodera et al., 1978] [Auger & Flandrin 1995]

Principle

Improving the energy concentration (readability) of any bilinear distribution by
reassigning its energy to new locations closer to real signal support.
Consider the TFR of a signal x expressed in terms of the Wigner-Ville distribution as:

TFRx(t,w) = // WV (7, Q)P (t — 7,w — Q)d7dQ
R2

Method description

@ Computation of the reassignment operators:

/2 TWV (7, Q0(t — 7, w — Q)drdQ
- (18)

t(t, w) = .
/;Rz WV (7, Qd(t — 7, w — Q)drdQ

'2 AWV (7, Qb(t — 7, w — Q)drdQ
o, w) = IR . (19)
/;Qz WV (7, Q)o(t — 7, w — Q)d7dQ

@ cC ion of the r igned time-fr repr

RTFRx(t, w) — /ng TERx(r, Q)6(t — ¥(r, 2)3(w — &(r, Q) drdQ (20)

The resulting reassigned TFR is a sharpened but non-reversible TFR, due to the loss
of the phase information.
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The reassigned Stockwellogram

Reassignment operators

The reassignment operators can be reworded using S-transforms with modified
analysis window (cf. [Fourer, Auger, hal-01467244, 2015] for the detailed proof):

- ST (t,w) ) ST (t,u)
Lt =6 — ———— () = == T 21
(t) ST (tw) Bl = e ST (tw) (21)
/fx(taw) = Re(EX(t7w))7 {:‘\}X(Lw) = Im(&")x(tvw)) (22)

with Tg(t) = tg(t) and Dg(t) = %(¢).

Reassignment

The reassigned Stockwellogram is finally computed as:

Ru(t,w) = //IR ISTE(7, Q)26 (t — £(7, Q) 6 (w — (7, Q)) dT dQ.  (23)
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Synchrosqueezing [Daubechies and Maes, 1996, 2011] [Thakur 2011]

Principle
@ A particular reassignment method which allows to compute sharpen and
reversible TFRs by moving the transform instead of its energy.

o Allows mode extraction by a ridge detection and local region integration
procedure.

Synchrosqueezed S-transform (frequency-reassigned) [Fourer, Auger et al. 2015]
Based on the marginalization respect to frequency given by Eq. (12).

@ Synchrosqueezed S-transform:

P /
SSTX(t,w):|w|/STX(t,w’)ej“’ 6 (1 @(t,w'))%, (24)
R w
@ Reconstruction formula:
1 / dw
X(t) = ———— [ SSTx(t,w)—, 25
() Ch(woT) Jr ( )|w\ &)
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Time-reassigned S-transform

Principle
@ A new S-transform synchrosqueezing method based on the marginalization with
respect to time given by Eq. (16).

@ Inprovement of the readability of impulsive and strongly frequency-modulated
component using an enhanced group-delay estimator.

Time-reassigned Synchrosqueezed S-transform

SE(t,w) = /]RSTf(T, w) § (t — fX(T,w)) dr. (26)

Signal Reconstruction

/RSf(t,w)dt = .//RZ STE(7,w)d (t — t(7,w)) drdt (27)

_ / STE(r,w)dr = Fx(w) (28)
R

Hence, we obtain the exact reconstruction formula:

R(t) = //R SE(r,w) &t dT;’% (29)
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An enhanced Second-Order group-delay estimator 1/2

AM/FM signal model

x(t) = eMx(OHex(®) (30)
1.'2
with  Ax(t) = e+ pixt + v (31)
t2
and  ¢x(t) = px +wxt +ax— (32)

where Ax(t) and ¢« (t) are respectively the log-amplitude and the phase. This signal
verifies %(t) = (gxt + px)x(t) with gx = vx + jox, px = px + jwx.

Properties

Differentiating with respect to t when |ST$(t,w)| > 0, allows to compute:
g
OoTx (t,w) = STDE (t.w) = —jwSTE(t,w) + (Px + 4xt)STE(t.w) — GxSTH E(tw)

STY&(t, w))

STPE(t,w)

Hence, = px — j t—
STE(tw) J““’*(

STE(t,w) (33)

and finally: | @x(t,w) = px + gxtx(t, w) ‘
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An enhanced Second-Order group-delay estimator 2/2

w — W A
= X = B(ew) +
Qx Qix

W Wt Z—le(?x(w)

which can be estimated by:

o t(t,w) otherwise

where §x(t,w) can be computed as [Fourer, Auger et al., 2015]:

(STDE(t,w))? — STD?€(4,.)STE (¢.0)
STTP8(t,0)STE (t,w) — ST &(£,)STLE (¢,0)

f]x(t,w) =

with D?g(t, T) = ©&(t, T) and TDg(t, T) = t%(¢, T).

(34)

(35)

(36)
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Second-order horizontal synchrosqueezed S-transform

Principle

Consists in moving ST&(t,w) from the point (t,w) to the point (£2),w) such that
—df"( (2)) = wy 4 axt?) = w
't X X X Ex .

Second-order horizontal synchrosqueezed S-transform is obtained by replacing
i, by the second-order enhanced group-delay estimator £

Second-order horizontal synchrosqueezed S-transform

SEA(t,w) = / STE(r,w) & (t — 1@, w)) dr. (37)

Signal Reconstruction

The same reconstruction formula used by the (first-order) time-reassigned
synchrosqueezed S-transform:

(t) = // SEO(7, ) et gr 42 (38)
R2 2
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Implementation consideration

Discretization

Computations are based on the rectangular approximation method and a uniform
sampling approximation:

ST [k, m]zSTf(,__%, 2 mng—‘, ), Fs being the sampling frequency.

k € Z is the time sample index and m € M is the discrete frequency bin.

M is chosen as an even number: M = [-M/2+1; -1]U[1; M/2].

Gaussian window approximation

A threshold T is applied to obtain a finite number of time samples K, at each time
_ m?(Km/2)?
frame, when e 2(hT)?MZ < T

Ky, > 2MhTv/2log(1/T) v‘2|'°g(1/r) 4 (39)

with wg = 27 fy.
In practice, we used I' = 10—* which provides good results with a reasonable
computation time.
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Signal reconstruction

TFRs comparison (RE=Rényi Entropy at order oo = 3)
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RQH&@=IN%N(—2Q£Q£L—>, (40)

2ok IX[K] = X[K][2

Table : Reconstruction quality of the S-transform, the first- and the second-order
horizontal synchrosqueezed S-transforms with fo T = 2, M varying from 300 to 2000
(a) and T varying from 1071 to 10~ (b).

M (F'=10") | 300 500 1000 | 2000

@) RQF (dB) 0.85 | 54.10 | 60.12 | 66.14
) r(M=500) [10F]102[10° 10"
RQF (dB) 53.45 | 54.10 | 54.10 | 54.10
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Contributions summary

Summary
@ A new second-order horizontal synchrosqueezing method based on an
enhanced group-delay estimator designed for the S-transform
o Efficient computation using an S-transform with specific analysis windows

@ A preliminary comparative evaluation of the S-transform with the
STFT-based second-order horizontal synchrosqueezing

Future work

o Consideration of new signal models (e.g. hyperbolic chirp, high-order
polynomial phase, etc.)

@ Real-world application scenarios involving signal components extraction

Matlab code freely available at: https://fourer.fr/sthsst/
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